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BUBNOV-GALERKIN METHOD FOR SOLVING DIFFERENTIAL
EQUATIONS

Pirnazarov Gulomjon Farhadovich, Odilova Dildora Shuhrat kizi
Tashkent State Transport University

Annotation: The bend is called flat or straight if the plane of action of the load passes through
the main central axis of inertia of the section. As a result of the construction, a plot of the distribution
of the bending moment for each section of the beam was obtained, from which the greatest value is
visible. Changes in normal and tangential stresses along the length of the beam depend on the values
of transverse forces and bending moments. This study allows you to gain skills that will be used in
project practice.
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The Bubnov-Galerkin method is one of the methods for solving differential equations, which was
developed in the early 20th century by Russian mathematicians Sergei Bubnov and Boris Galerkin.
This method is one of the most effective and widely used methods for solving differential equations.

The Bubnov-Galerkin method is based on the representation of the solution of a differential equation
in the form of a linear combination of functions that are selected in such a way as to satisfy the initial
and boundary conditions. These functions are called basis functions.

To apply the Bubnov-Galerkin method, it is necessary to select the basis functions that will be used
to represent the solution of the differential equation. Usually, such functions are chosen as basis
functions that satisfy certain conditions, for example, orthogonality or compactness.

Then it is necessary to substitute the representation of the solution into the original differential
equation and obtain a system of equations for the coefficients of the linear combination. This system
of equations is solved numerically, and the coefficients obtained are used to find a solution to the
differential equation.

The Bubnov-Galerkin method is a numerical method for solving differential equations, which is
based on the representation of the solution as a linear combination of a certain basis of functions. In
this case, the basis can be functions describing the shape of the plate, for example, the functions of
sines and cosines

Steps of the Bubnov-Galerkin method for calculating a pivotally fixed rectangular plate:

1. Set the basis of the functions that we will use to approximate the solution. In this case, you can
use the sine and cosine functions.

2. Write down the equation describing the behavior of the plate. In this case, it is the equation of
vibrations of an elastic plate.

3. Substitute the basis functions into the equation and obtain a system of equations for the
coefficients of decomposition of the solution by the basis.

4. Solve a system of equations for coefficients.
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5. Substitute the coefficients found in the expression for the solution and get a numerical solution to
the problem.

The Bubnov-Galerkin method makes it possible to obtain an approximate solution of a differential
equation with high accuracy using a finite number of basis functions. However, to achieve high
accuracy, it is required to use a large number of basic functions, which can lead to computational
difficulties.

The Bubnov-Galerkin method is based on a theorem from the theory of general Fourier series. Let
{Ui} be a complete system of functions (with nonzero norm) orthogonal on the segment [a,b]. If a
continuous function f(x) is also orthogonal on the segment [a,b] to all functions Ui(x), i.e.

if(x) o, (x) dx=0

then the function f(x) is identically zero for a<=x<=b.
According to the Galerkin method , the solution is also sought in the form:

Y=, )+ a o @

i=1
Where satisfies Q, (x) inhomogeneous (non-zero) boundary conditions:
@, @=A @ ()=B(Q)
And the function (i-1,2,....,n) satisfies (zero) boundary conditions.
p. @= @ 0=00)

It is obvious that the function (1) will satisfy the boundary conditions (2), (3) for any values of
constant coefficients.

Substituting (1) into a differential equation, for example into the equation: y’=f(x), we obtain a
residual:

a @ (0-fx = 0 (@

n
i=1

@, 0+
According to the Galerkin method, we require that the discrepancy (4) be orthogonal to the basic
("coordinate") functions Q. (x):

b

I @, 0+ iai @ 0] @ (Ndx=0 (k=12....n)

Or

[Xa ¢, 0 @ &= [bp, 0+1W] @, (9

Or in expanded form:
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a. [o ¢ &+ a Jo, ¢ &+x a o @ &=[Cp, +H @ &
a o g o+ a o, 0, drex a, Jp, @, &= JCp, +Dp, &

o

b )

o, 0, %= JCp +Dp, o

a

s:v'—-.cr_

Igpl Q. dx+ @, jgpz Q. dx+..+ g,
Solving this system of algebraic equations, we also find the solution (1). In general, the functions
Q@ (x) and their second derivatives @ (x) can be non-orthogonal and the Bubnov-Galerkin system

and system will not break up into independent separate equations. Moreover, the matrix of
coefficients of the system will not be symmetric, i.e. ((p,i gpk) # ((pk ,gpi),me

. b
(¢i ’(ok) - J.¢| (Dk dx
scalar products of functions gpl u @

k

With a sufficiently large (but limited) number of functions (in accordance with the above theorem), a
small discrepancy on average is provided. But how close this approximate solution is to the exact
one, in general, the question remains open.

Let's continue the consideration of example 2, i.e. solve the equation

R B IV
y =, & X0

under boundary conditions y(0)=y(I)=0 by the Bubnov-Galerkin method. We will look for a solution
to the problem in the same form:

& X
y) = @, (X)+ ;ai sin ==

Here you can also omit the function , gpo(x) , because the sum already satisfies the (zero) boundary

conditions of the problem for any g function gpi(x): sin? and (0. :—(II—”)('TE) sin?
coincide with each other up to a multiplier of — , and form an orthogonal system. Therefore, here,

too, the Bubnov-Galerkin system decomposes into independent equations:

J(m)(— sin’ ? dx = — 2EI _[(Ix X)smﬂ dx

and the formula for determining coincides with the previously obtained Ritz method and the least
squares method.

Example. The Galerkin method is used to find an approximate solution of a linear inhomogeneous
equation with a variable coefficient
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Yy 0+xy (+y=2x (5
Satisfying the boundary conditions:

y(0)=1, y(1)=0 (6)
We are looking for a solution to the equation in the form:

y=01-x+ g,@-0+a, X @-x+ g, X LX) +.. ©)

X(L—x) = Q,; )(2 @l-x)= Q, Xs(l— X) = o, satisfying the boundary conditions (6): y(0)=1,
y(1)=0 for any . Substituting (7) into (5), we get the discrepancy:

Y ila,(2+ a,2-3*20+ g,B3*2x-4*3x)] +
Xy H[-x+gx1-2)+ g,x2x-3x)+ a, x@x —4X)]

% +HA-9+3, =x)*aX -x)+ a (X -X)I=
(1—2x)+a1(—2+x—2xz+x—xz)+ a,(2—6x+ 2)(2 —3)(3 *XZ —X3)+ a,(6x- 12)(2 +3)(3 —4)(4 +

+)(3 —X4)—2X:

L-20)+g,(-3X +2x-2)+ g, (4X +3X -6x+2+ g,(-5X +4x -12x +6x)-2x=0  (8)
Multiplying (8) sequentially by x(l—x):(pl; Xz(l—x):(pz; )(3(1—x):(p3

and equating the resulting expressions to zero, we get after integration from 0 to 1:

1 1 1
a Jox=xX)E3X +2x-2)dxrg, [(x-x)AX +3K -6x+2)dx+q, [(-x)5x +4x -12) +6x)dx
0 0 0
1 1 1
a, [(3)(4—5)(344)(2—2x)dx+a_2 J'(4)(5—7X4+9X3—8X2+2x)dx+a3 j(5X6—9X5+16X4—18X3+6x)dx::
0 0 0
h 2 p 2 3 X2 5)(3 4X4 11
—}[(X—X)(l—4x)dx:— !(x—sx HAX)d = (T -2 4T /0:g
or
19 3 6 1
a: (—%)+a2(—%)+a3(—%)— 6
Where
-x) =9,
Finally we have:
133, +639,+t36, =-70
1405, +108g,+79gq, =-98

264g, +252g,+2113, =-210
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Solving a system of algebraic equations, we obtain:
a,=0.209; g,=-0.7894; 5, =0.209
Thus, the solution of equation (7) is found:
y=(1-X)(L—0.209x —0.7894 " +0.209x")

The Bubnov-Galerkin method has many applications in various fields of science and technology. It is
widely used in mathematical modeling, in the theory of elasticity, in hydrodynamics, in the theory of
thermal conductivity and many other fields.

One of the advantages of the Bubnov-Galerkin method is its versatility and ease of use. It allows you
to solve differential equations of varying complexity and can be adapted to solve specific problems

Thus, the Bubnov-Galerkin method is one of the most effective and widely used methods for solving
differential equations. It has many applications in various fields of science and technology and is an
important tool for solving complex problems.
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